The Length of Harmonic Forms on a 
Compact Riemannian Manifold 



by P.A. Nagy and C. Vernicos* 
Abstract 

We study n dimensional Riemanniann manifolds with harmonic 
forms of constant length and first Betti number equal to n—1 showing 
that they are 2-steps nilmanifolds with some special metrics. We also 
characterise, in terms of properties on the product of harmonic forms, 
the left invariant metrics among them. This allows us to clarify the 
case of equality in the stable isosytolic inequalities in that setting. 
We also discuss other values of the Betti number. 

1 Introduction 

Let (M n ,g) be a Riemannian manifold. In this note we focus on the case 
where all harmonic forms are of constant length. Recently these manifold have 
appeared in different settings where they play a singular part. 

In dimension 4, recent work of Lebrun [Leb02] shows a strong interplay 
between the length of harmonic self-dual 2-forms of the manifold and the non- 
vanishing of Seiberg-Witten invariants, in particular the existence of a symplectic 
structure. 

Geometrically Formal Manifolds, are closed Riemaniann manifolds hav- 
ing a metric such that the space of harmonic forms is a sub-algebra of the algebra of 
differential forms. If the manifold is also oriented, one easily sees that all harmonic 
forms have constant pointwise norm (see [KotOl]). In particular if the first Betti 
number is equal to the dimension (which actually bounds it), then the manifold is 
a flat torus (In fact it is also true if some other Betti number is maximal, provided 
the dimension is prime for example). From a remark made by Kotschik [KotOl] 
we also know that being geometrically formal and orientable implies a second ob- 
struction on the first Betti number, if n is the dimension, the Betti number can't 
be n — 1. However, n dimensional manifolds with one-harmonic forms of constant 
length, and first Betti number equal to n — 1 exists. 

The main result of this paper is the following theorem which says exactly 
what these manifolds are (see Definition 8 for the meaning of pseudo left invariant) 



The second author was partially supported by european project ACR OFES number 00.0349 
and grant of the FNRS 20-65060.01 

Key-words : Harmonic forms, Spectrum of the Laplacian. 
Classification : 53C20, 58J50 



2 



Theorem 1. Let (N n+1 , g) be a compact orientable connected manifold such that 
all of its harmonic 1-forms are of constant length, and such that bi(N n+1 ) = n, 
then (N n+1 , g) is a 2-step nilmanifold whose kernel is one dimensional and g is a 
pseudo left invariant metric. 

The macroscopical spectrum of a nilmanifold, is given by the asymp- 
totic behaviour of the eigenvalues of Laplace-Beltrami operator acting on the func- 
tion on the metric balls of the universal covering of a nilmanifold, as the radius of 
the balls goes to infinity. In [VerOl] the second author showed that the first eigen- 
value of this macroscopical spectrum satisfies an inequality, whose equality case is 
attained by the nilmanifolds having all harmonic 1-forms of constant norm. This 
shows that the nilmanifolds with left-invariant metrics are not the only one satis- 
fying the equality case, as in the torus case. Hence theorem 8 gives the following 
corollary in that setting : 

Corollary 2. Let (M n , g) be a nilpotent Riemannian manifold, with first Betti 
number b\ = n — 1. Let B g (p) be the ball of radius p induced by the lifted metrics 
on the universal covering of M n . Let \i(B g (p)) be the first eigenvalue of the 
laplacian acting on functions over B g (p) for the Dirichlet problem. Then there are 
some functions X^°(g) and Xi l (g) such that 

lim p 2 \ 1 (B g (p))=\?(g)<\ a 1 l (g) 

with equality if and only if M n is a 2-step nilmanifold with one dimensional center 
and g is pseudo left invariant. 

In this paper we also study what other assumption, in term of product of 
harmonic forms (lead by the geometrically formal background), one could add to 
characterize the left invariant metrics in the case of the Betti number equal n — 1, 
where n is the dimension (see theorem 9 to 11). 

Isosystolic stable inequalities, studied among other by V. Bangert and 
M. Katz [BK] (see also references therein), give lower bounds on the volume of 
compact orientable manifold in terms of some short closed geodesies (systoles). 
The cases of equality is obtained by manifolds with one-forms of constant length. 
Hence Theorem 8 implies the following corollary (where stsys-L is the stable systole) 

Corollary 3. Let (X, g) be a compact, oriented, n-dimensional Riemannian man- 
ifold with first Betti number b = n — 1. Then there is a constant c(n) such that 

stsys 1 (^)sys n _ 1 (^) < c(n)vo\ g (X) 

Equality occurs if and only if X is a 2-step nilmanifolds and there exist a dual- 
critical lattices L in M n_1 and a submersion of X into W n ~ 1 /L (with minimal 
fibers). 

Hence in the three dimensional case, equality is only satisfied by the three 
dimensional Heisenberg group endowed with a metric such that there is a Rieman- 
nian submersion onto an equilateral torus. 
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Our result are also to be compared with the work of E. Aubry, B. Colbois, 
P. Ghanaat and E.A. Ruh [ACGR01], where it is showed that an n-dimensional 
oriented manifold M having n — 1 small (compared to the diameter) eigenvalues 
(for the laplacian acting on one-forms) is diffeomorphic to a nilmanifold with an 
almost left invariant metric. However, in their paper the authors needed strong 
assumptions on the curvature. In this note, instead of a control of the curvature, 
we have a control of the length of harmonic forms. We would like to stress that 
this seems to be a hidden assumption on the curvature. 



2 Implication of the existence of harmonic forms 

of constant length. 



Let (M n , g) be a compact Riemannian manifold having all of its harmonic 
one forms of constant length. 

Let us stress that we do not consider the case where there are harmonic 
forms of constant length, but that all harmonic forms are supposed to be of con- 
stant length. This implies for example that the pointwise scalar product of two 
harmonic forms is constant, which is not the case with just the existence assump- 
tion as the following example shows (which happens to answers question 7 of 
section 10 in [BK]: 

Example 4. Let (M n ,g) be Riemannian manifold, consider N n+2 = M n x T 2 
endowed with the following Riemannian metric h = g © s where s is defined as 
follows. Take a function from M to R such that f 2 <l then we take the metric 
s on T 2 such that s(dx,dx) = 1 = s(dy,dy) and s(dx,dy) = f. We claim that 
cki = dx and «2 = dy which are closed are also co-closed thus harmonic, but by 
construction their scalar product is not constant. 

Proof, with respect to h in A^ n+2 . Let us take (ei)i<;< n+ 2 a local orthonor- 
mal basis of N n+2 , with (e*:)i<fc<n spanning TM, and e n+ i, e n+ 2 spanning TT 2 . 
Consider also pQ)i=i,2 the dual vector field with respect to h of {oii)i = \^- Then 
remark that X t = x}£ + x 2 ^ and e k = El£ + E 2 ^ where (x J t ) hJ=h 2 and (E* k ) 
are functions from M to M. Now write 



As the Levi-Civita connection is torsion free, we remark that for i = 1, 2 and 
1 < k < n + 2 

h(V ek Xi, e k ) = h{V Xi ek, e k ) + h([X i7 e fc ], e k ). 
However for i = 1, 2 and 1 < k < n + 2 



2.1 The Albanese map 





l<fc<n+2 



h(V Xi e k , e k ) = -Xi ■ h(e k , e k ) = 
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and noticing that for 1 < k < n, [J^, e^] = [J^, e^] = we obtain 

= -(e,-^)^-(e fc -^)| 

and has and are in TT 2 we get that for all 1 < k < n and i = 1, 2, 

/i(V efe X,,e fc ) = 
Now for A; = n + 1, n + 2 we have 

[Jf i , e4 ] = [a! }^ + ^,Bi^ + £j|.] 

however, for any function / define on M, TT 2 G ker df and noticing that [J^, = 
we finally get that cti is indeed harmonic. □ 



Let bi be the first Betti number of our manifold M. Using a basis of har- 
monic 1-forms we can define the Albanese map (or Jacobi map) 7r using integration, 
this gives a map onto a torus T bl , on which we put the usual flat metric. Besides 
we have b\ < n, because we can't have more than n linearly independant 1-forms. 
Hence in this case 7r is a Riemannian submersion. Moreover Albanese's map being 
harmonic (see A. Lichnerowicz [Lic69]), the fibers are minimal (see J. Eells and 
J.M. Sampson [ES64] and 9.34 [Bes87] page 243). 

A theorem of R. Hermann (see theorem 9.3 in [Bes87] page 235) states that 
a Riemannian submersion whose total space is complete is a locally trivial fibre 
bundle. We sum this up in the following proposition. 



Proposition 5. Let (M n ,g) be a compact Riemannian manifold and b\ be its 
first Betti number. Then all harmonic 1-forms are of constant length if and only if 
(M n , g) is a locally trivial fiber bundle, with minimal fibers, over a b\ -dimensional 
fiat torus, b\ < n 

Moreover ifb\ = n then n is a Riemanian isometry, hence (M n , g) is a flat torus. 



Now let us look at some other consequences of the existence of harmonic 
forms of constant length. Thanks to the Albanese map we can lift the harmonic 
forms of the Albanese torus on the manifold. Let us call «i, . . . , on >1 an orthonormal 
family of lifted harmonic forms. Using the duality through the metric we can 
associates to these harmonic forms b\ vector fields Xi, . . . , X^. These vector 
fields define a sub-bundle H, which we will call the Horizontal, such that for all 
x E M, H x is generated hy X 1 (x), . . . , X bl (x) . 

If we let V be the orthogonal complement of Ti with respect to the metric, 
which we will refer to as the Vertical, then we have the following 
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Proposition 6. Let (M n , g) be a compact Riemannian manifold and bi be its 
first Betti number. If all harmonic 1-forms are of constant length, then there is 
distribution 7i given by an orthonormal frame of vector fields X±, . . . , Xb 1 dual to 
an orthonormal frame of harmonic 1-forms, such that the tangent bundle splits 
orthogonaly as follows : 

TM = v®n. 

Moreover the distribution V is integrable, and for any 1 < i,j < b\ and U G V, 
[Xi, Xj] E V and [X,, U] E V. 

Proof. This comes from the fact that the forms (ai)i<i<&! are closed. Indeed for 
any closed 1-form a we have the following equality for any X, Y in TM : 

a([X, Y])=X ■ a(Y) - Y ■ a(X) 

thus for any i, j and k we have : 

oti{{Xj,X k }) = Xj ■ ai(X k ) - X k ■ ai(Xj) = Xj ■ 5 ik - X k ■ Sij = 

hence [Xj,X k ] is orthogonal to any Xi. If U and V are vertical vector fields, then 
it is easily seen that for any 1 < i < b\ 

ctidXj, U]) = 0, and «;([£/, V}) = 

□ 

2.2 An useful decomposition 

Let (M n ,g) be a compact Riemannian manifold with a unit vector field Z. 
Let V be the distribution generated by Z (which is sometimes called the Vertical 
distribution) and 7i its orthogonal complement with respect to g (wich we will call 
Horizontal). Then the tangent bundle splits as follows 

TM = v®n. 

If iz(-) = Z_i-, is the interior product by Z then we can define the space of 
horizontal p-forms as follows : 

A p (H) = A p (M) nker(i z ). 

Let us introduce the 1-form $ = Z b dual to Z with respect to g. Then it is 
an easy exercise to see that we have the following decomposition of p-forms : 

A P (M) = A P (H) © [A p-1 (7i) At?]. (1) 

Notice that following this decomposition we have 

d-d = b + f] A ■& 

where b is a horizontal 2-form called the curvature of the horizontal distribution 
H and rj is the horizontal one form associated to the horizontal vector field —VzZ 
with respect to g, a fact the reader may easily verify. 
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Let us introduce the horizontal exterior differential dn, which associates to 
an horizontal differential form the horizontal part of its exterior differential. 

We also introduce the multiplication operators 

L : A q (H) — > A q+2 (H), L:=-Ab 
S : A q {H) ^A q+1 (H), S:=?]A- 

Thanks to the decomposition (1), each p-form may be identified to a couple 
(cm,/?) G A p (7i) x A p ~ 1 (7i) of horizontal forms. Thus we can see the exterior 
differential d acting on p- forms as an operator from A p (7i) x A p_1 (TL) to A p+1 (Ti.) x 
A P+2 (H). Then, we have the following proposition, where Cz is the Lie derivative 
in the direction of Z, and where for any differential operator D, D* is its formal 
adjoint with respect to g. 

Proposition 7. [NagOl]. With respect to the decomposition (1) we have for 
the exterior differential acting on p-forms : 

d H {-ly- 1 ^ 
{-iycz d H + s 



d = 

and for the codifferential : 

d* H (-l)P- 1 ^ 



d* = 



{-l) p L* d* H + S* 



3 The case of the first Betti number 
being one less that the dimension 

The aim of this section is to describe the n-dimensional manifolds having 
all of their harmonic one-forms of constant length, and with first Betti number 
equal to n — 1. All manifolds considered here are of dimension greater or equal to 
3 (in dimension 1 and 2 we have only the circle 5" 1 and the torus T 2 which admit 
forms of constant length). 

Let us recall that all 2-step nilmanifolds are principal torus bundles over a 
torus (see R.S. Palais and T.E. Stewart [PS61]) 

Definition 8. Let N n+1 be a 2-step nilmanifold whose center is one dimensional 
and consider a submersion p from N n+1 onto a Hat torus T n . Let («i, . . . ,a n ) 
be the lift of an orthonormal basis of harmonic 1- forms over the torus. Choose 
a principal connection form $ for this submersion. Let g$ be the Riemanniann 
metric such that the dual basis of («i, . . . , a n , $) is orthonormal. Thus p becomes 
a Riemannian submersion. We will call such a metric pseudo left invariant. 

Remark that if the dual basis of (oji, . . . , a n , &) in this definition is left 
invariant, then the metric g$ is left invariant. 

Thanks to this definition we can recall our characterization 
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Theorem 8. Let (iV n+1 , g) be a compact orientable connected manifold such that 
all of its harmonic 1-forms are of constant length, and such that bi(N n+1 ) = n, 
then (iV n+1 , g) is a 2-step nilmanifold whose kernel is one dimensional and g is a 
pseudo left invariant metric. 

Proof. We deduce from proposition 5 that we have the following fibration : 

where ix is the Albanese map. 

We begin by taking a basis (ai, . . . , a n ) of harmonic forms over the Albanese 
torus and lift it to a basis of harmonic 1-forms (cti,...,a n ) over A^ n+1 . Let 
Xl, . . . ,X n be their dual vector fields with respect to the metric, they span, by 
definition, TL. 

Thanks to Proposition 6, for any i,j 

[Xi,x-\eV (3) 

(remark that we can also deduce from that fact that [Xi,Xj] = 2 J \7x i Xj). Now 
take Z the dual vector field to the 1-form Z b = *(a± A ... A a n ) (* is the Hodge 
operator, thus this form is co-closed), its length is constant by construction. Fur- 
thermore Z belongs to and spans V. 

For any co-closed one form a we have 

J2(Vx k u)X k +(V z a)Z = (4) 

k 

Taking for a each of the ctj in turn, since [Xi, Xj] = 2Vx l Xj G V, we deduce from 
equality (4) that for i = 1, . . . , n 

g(V z X l ,Z) = 
however as the Levi-Civita is torsion free, for i = 1, . . . , n 

giVzXt, Z) = g{V Xi Z, Z) + g([Z, X,}, Z) = g([Z, Xl Z) 
but by proposition 6, [Z, Xi] e V hence for any % = 1, . . . , n 

[X, Z] = (5) 
This also implies that Z is a Killing field. 

From (3) we have the existence of functions such that 

[X i ,X j ]=f ij Z. (6) 

However we would like to have some structural constants instead of the 
functions fij. 



Let us remark that (Z being a Killing field) we have 

dZ\X,Y) = 2g(V x Z,Y) 



(7) 
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thus if we decompose dZ* in the basis given by ctj A aj and Z° A ctj for all i, j then 
thanks to (6) and (7) we get that 

dZ b = J2 fij<*i A a d (8) 

In other words dZ b is horizontal and because Z is a Killing field it is projectable, 
i.e. , there exists a unique 2-form f3 on the Albanese torus such that dZ b = n*/3. 

Remark that d(3 = 0, thus (3 = (3q + da by the Hodge-de Rham theorem, 
with a £ A 1 (T bl ) and (3q harmonic. Hence if = Z b — n*a, then d^o = tt*/3o- 
But now Pq = Y^ij CijCii A cij where the c^- are constants. This implies that 

d(o = y^^CijOtj A a.j (9) 

ij 

Notice that Co is also a (principal) connection 1-form. We are now taking as a 
basis of vector fields the dual base (X®, . . . , A°_ l7 Zq) of the base (a±, . . . , a n -i, Co) 
(i.e. ai(Xj) = 8ij, ker^o = (X® , . . . , X®-i) and Co(-^o) = 1) then we have from 
(9) 

[Xl Z ] = 
[X i , Xj] = CijZ 

Thus we can built an homomorphism I a between the Lie algebra a defined 
by A,,..., A n , An+i and with brackets 

[A-i, Aj] = CijA n +i 

all the other brackets being equal to zero, by taking /^(^LJ = X® for % = 1, . . . , n 
and I A (A n+1 ) = Z . 

Now if A is the simply connected Lie group associated to a, thanks to the 
compactness of A^ n+1 we can integrate the homomorphisme I a to obtain an action 
of A on A^ n+1 (see Corollary 3 and 4 of theorem 2.9 page 113 in [Oni93]) . 

Since each orbit is open and N n+1 is connected, this action is transitive. 
From this we deduce (see F.W. Warner [War83] theorem 3.62) that N n is a Lie 
group. And thanks to the constant of structures (c^) we deduce that it is a two 
step nilpotent lie group (see M. Spivak [Spi79] volume I theorem 17 in chapter 10 
for example). 

Concerning g, it is pseudo left invariant by the above discussion. 

□ 

It is worth noticing that if the manifold is not orientable this is no more 
true. Indeed, in the three dimensional case there are quotients of flat tori by a 
finite group whith first Betti number equal to 2. 

Note also that theorem 8 implies that if M n is a geometrically formal closed 
oriented manifold then bi(M n ) ^ n — 1 as already showed by D. Kotschik [KotOl]. 

A natural question arising is whether one can characterize the left invariant 
metrics among pseudo left invariant metric ones, in term of properties of harmonic 
forms. We first look at the 3-dimensional case. 
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Theorem 9. Let (N 3 ,g) be a compact orientable connected manifold such that 
all harmonic 1-forms are of constant length, bi(N 3 ) = 2, and such that the wedge 
product of two harmonic 1-forms is an eigenform of the laplacian, then (iV 3 , g) is 
a compact quotient of the 3-dimensional Heisenberg group and g is a left invariant 
metric. 

Proof. From the added assumption we get that Z b of the previous proof is an 
eigenform of the laplacian. That is to say that there is some constant A such that 

AZ b = XZ b 

However, using the useful decomposition, knowing that Z b is coclosed and dZ b = 
b = 7r* (/?) (following the decomposition (1), b corresponds to (6,0) and Z b corre- 
sponds to (0, 1) ) we must also have that 

AZ b = d*dZ b = d*b = (L*b)Z b = (L*L ■ l)Z b = \[5\ 2 Z b 

which means that f3 is of constant length. But f3 is a 2-form on a 2-dimensional 
Torus, which also means that j3 is proportional to the volume form, in other words 
the function (which is unique in that case) in the equality (8) is a constant. Remark 
that this also tells us that the eigenvalue is A = \(3\ 2 = f\ 2 - Q 

Now for the higher dimensional case. 

Theorem 10. For n > 3, let (N n , g) be a compact orientable connected manifold 
such that all harmonic 1-forms are of constant length, bi(N n ) = n — 1 and the 
wedge product of any n — 2 harmonic 1-forms is an eigenform of the Laplacian, 
then (N n , g) is a 2-step nilmanifold whose kernel is one dimensional and g is a left 
invariant metric. 

Proof. We use the same notations as in the proof of theorem 8. From the new 
assumption we get thanks to the star Hodge operator that for any harmonic 1-form 
a, a A Z b is a co-closed eigenform. Using the decomposition (1) we associate to 
a A Z b the pair (0, a). As a A Z b is coclosed A(a A Z b ) = d*d(a A Z b ). Let us use 
proposition 7 without forgetting that a is harmonic, and noticing that as dZ b is 
horizontal by the proof of theorem 8, S = 

and 

but the last term is also equal to (0, Act) by the eigenform assumption, hence 

d* H (a A dZ b ) = 

But a and dZ b are horizontal and projectable, thus in fact there are one 
1-form a and one 2-form (3 such that we can write 

= d* H (aAdZ b ) =n*(d*(aA[3)). 
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In other words, for any 1-harmonic form a on the torus we have 

d*(aA(3) = 0. (10) 
Let us take an ortho normal base (e^) of parallel vector fields, then for any form uj 

-d*oj = y^e^jVe,^ 

i 

We want to apply that last equality to a A (3. First notice that (a is parallel) 

V e ,(aA/3) = a A V ei (3. 

Contracting by one obtains 

e,j(V ei (aA/3)) = a(ei) V ei /? - a A (e* jV Ci /5) 
Sum over i and use the coclosed condition (i.e. (10)) and you get 

V a #/3 + a AcT/3 = (11) 
Now we take the interior product with e$ of (11), with a = which gives 

d jV ei /3 + e, j(e, b A cf/3) = + ef/3 - ef^e^ = 

we sum over i one more time 

(n-S)d*(3 = 

and by assumption n > 3 thus <i*/3 = 0, that is to say that (3 is harmonic over 
the torus. Hence it follows that (3 is parallel and all the functions of (8) are 
constants, which allows us to conclude. □ 

There is another case where things can be precised. 

Theorem 11. Let (iV 2m+1 , uj, g u ) be a compact contact manifold with a contact 
form uj and an adapted Riemannian metric g u such that all harmonic 1- forms are 
of constant length, then (iV 2m+1 , g) is a compact quotient of an Heisenberg group 
and g is a left invariant metric. 

Proof. From theorem 8 we get that jV 2m+1 is a two step nilmanifold and g u is 
pseudo left-invariant. We also get that g u = t? 2 + ir*(h) where t? is a one form, 
such that dfi = n*(/3) for some closed 2-form (3 over the Albanese torus. Now 
theorem 3.2 and theorem 3.4 of H.P. Pak and T. Takahashi in [PT01] implies that 
for all harmonic 1-forms a, if T is the Reeb vector field attached to uj, 

Tja = a(T) = 

wich means that T = fZ for some function /, and as T and Z are of constant unit 
length for the metric g u it means that uj = Now, thanks to theorem 8 we know 
that T = Z is a Killing field. This implies that the almost complex structure J 
on keru; lives on the flat torus given by the Albanese submersion. Hence we are 
in front of an almost-Kahler flat torus, but following [OLS78] and [Arm02] it has 
to be Kahler, thus (3 is parallel. □ 
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4 Some remarks on the general case 

The aim of this section is to point out the main differences between the case 
bi = n — 1 and b± < n — 2 for n dimensional manifolds admitting one-harmonic 
forms of constant length. We want to give some hint on the failure of our approach. 

Our first remark is that one should restrict oneself to the study of locally 
irreducible orientable Riemannian manifolds to avoid the following cases : the 
direct product of a sphere of dimension p > 1 and a flat torus of dimension n — p, 
gives a manifold whose first Betti number is n — p, whose dimension is n and with 
n — p harmonic 1-forms of constant length. 

The second remark is in the following lemma, which shows the limitation of 
our method. Indeed to apply the same ideas one needs far stronger assumptions. 

Lemma 12. Let (N n ,g) be a compact locally irreducible manifold such that 
all harmonic 1-forms are of constant length, bi(N n ) = n — p and possessing a 
pointwise orthonormal base of the orthogonal complement of the harmonic 
1-forms. Moreover assume that (dfii) are lifts of closed 2-forms on the Albanese 
torus. Then (N n ,g) is a two step nilpotent nilmanifolds whose kernel is n — p 
dimensional. 

Proof. TM = V + H where H is spanned by X\, . . . , X n - P the dual vector fields 
to «i, . . . , Oi n - p , which are lifts of harmonic 1-forms on the Albanese torus, and V 
is the orthogonal complement. We associate, thanks to the metric, the dual vector 
fields (Z k ) to the 1-forms As the ctj are closed we get that for 1 < i, j < n—p, 

[Xi, Xj] G V. 

and our assumptions imply that 

where A 2 H = A 2 M n f) k keri Zk and that 

d# k = Tr*((3 k ) 

where f3 k is a 2-form on Albanese's torus. However, df3 k = 0, hence for some 
harmonic 2-form and some 1-form a k over the Albanese torus we have 

Pk = Pk + da k 

Notice, that (3 k is non zero otherwise d k would be horizontal, which is not the case 
by assumption. Hence if we consider the independent forms (as one can easily 
verify) 

6 k = i} k - ir*(a k ) 

then 

de k = 7r*(p° k ). 

hence we can conclude as in the proof of Theorem 8. □ 

As the last section involved nilmanifold, we could decide to focus on a family 
of compact manifolds close to them, say solvmanifold. But even that assumption 
is not enough to clarify the situation, as the next lemma with the following remark 
point out. 
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Lemma 13. Let (M n ,g) be a solvmanifold all of whose 1-forms are of constant 
length and whose first Betti number is n — 2, then we have the following Gbration 
with minimal fibers : 

j 2 ^ M n ^UT n ~ 2 

Proof. This comes from the fact that the fibration in Proposition 5 

p 2 M n n >T n ~ 2 
gives a long exact sequence on the homotopy groups : 

. . . -> n n (F 2 ) - 7T n (M n ) - 7T n (T n ~ 2 ) -> TT^.^F 2 ) -> 7T n _i (Af n ) -> . . . 

Now, T n_2 and M n have only their fundamental group which is not trivial, hence 
we have the following exact sequence on the fundamental groups 

-> 7Ti(F 2 ) -> 7Ti(M n ) -> 7Ti(T n - 2 ) -> 

and nk(F 2 ) is trivial if k > 1. Which means that 7ri(F 2 ) can be seen as a subgroup 
of the solvable group iri(M n ), hence it is also solvable. Thus the fiber is compact 
and with solvable fundamental group. However in dimension 2 the only compact 
oriented manifold with solvable fundamental groups are the sphere and the torus, 
but here the sphere is excluded because ^(S 2 ) ^ 0. □ 

Without further assumptions we can't expect a more precise results. Indeed 
the example of the Sol geometry in dimension 3, or of any 2-step nilmanifold with 
a 2 dimensional center will satisfy Lemma 13 with many different metrics, however 
built in the same way : following the construction 8.1 in [BK]. 

As a conclusion, the rigidity of the cases b\ = n and b\ = n — 1 do not 
propagates to lower values of the first Betti number 
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